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AIJs~~~~--A modet for heat transfer from the horizontaf base of a volume heated boiiing pod is proposed. 
Because of the density difference caused by vohme boiling between the bulk fluid and the fluid near the base, 
the lighter two-phase fluid causes movement of the bulk fluid in the upward direction and causes a negative 
pressure gradient along the base plate of the pool. This negative pressure drives returning subcooled single- 
phase liquid in the boundary layer along the base plate. The analysis for the laminar case provides the 
definition ofequivalent Grashof number for the combined (or opposing) two-phase and temperature driven 
natural convection along the base plate. The turbulent boundary layer is analyzed by assuming a two-layer 
mode1 in which the inner layer is characterized by viscous and conduction terms and the outer layer by mean 
convection terms. The similarity anaiysis of the 8ove~ingequations yields universal profiles for temperature 
and velocity and the scaling laws for the inner and outer layers. AR asymptotic matching of the iemperature 
profile in the overlap region leads to a heat transfer law that correlates the available experimental data on a 

volume heated boiling pool satisfactorily. 

THE PHENOMENON of heat transfer from volumetric 
heated boiling pools in the downward direction is of 
considerable interest in nuclear reactor safety analysis. 
For example, ia the post-accident heat removal 
(PAHR) studies of Iiquid metal cooled fast breeder 
reactors ~LM~~~s~, it is of interest to determine heat 
transfer to the boiling stainless steel liquid film in 
molten pool penetration of an MgO substrate. The 
bubbles rising from the boiling of a stainless steel film 
lying at the bottom of a heat generating pool consisting 
of a MgU and LJUZ eutectic solution, causes the 
upward motion of the butk fluid. The buoyan&y emit of 
the two-phase bulk fluid generates a negative pressure 
gradient along the base resulting in motion of the 
single-phase fluid in the boundary layer over the 
stainless steel liquid film. Because of heat generation in 
the molten pool, the temperature of the pool is expected 
to be higher than the saturation temperature of 
stainless steel, hence the bubbles formed due to boiling 
of the stainless steel film do not condense in the bulk of 
the pool and continue to maintain convection currents 
until the whole thickness of the film is boiled off. 

The heat transfer from concrete substrate during 
molten pool penetration or during sodium-concrete 
interaction also takes place due to convection driven by 
gas and water vapor bubbles released from the concrete 
substrate heatup and due to chemical reactions at the 
interface. Similarly downward heat transfer in the 
boiling pool of stainless steel and fuel mixture 
pertaining to the transition phase of h~othe~&~ core 
disruptive accidents is of considerable interest in 
predicting the dynamics of the pool. 

*This work was performed under the auspices of the U.S. 
Department of Energy. 

Besides the above-mentioned appI~~ations~ the 
cooling of the modern efectronic components 
characterized by relatively high heat fluxes, takes place 
through volume boiling which causes convection 
currents and subsequently rejection of heat to a 
horizont~ly submerged condenser [I]. The heat 
transfer from internaIIy heated boiling pools is also of 
potential. interest in chemical reactor engineering, 

The initial preliminary experimental study of 
downward heat transfer from heat generating boiling 
pools was carried out by Stein et nl. [2]. Subsequently 
their work was extended with various refinements by 
Gabor et al, [3]. Besides the measu~ments of the 
downward heat flux, these authors also performed 
visua1 studies of the flow pattern along the base of the 
pool. Since the base was cooler than the bulk of the 
fluid, the temperature gradient at the base opposed the 
natural convection motion driven by the buoyancy 
efTect of the two-phase mixture in the bulk of the pool. 
Consequentiy, at low boiling rates, these authors 
observed a wave of cold liquid washing back and forth 
across the base, and at higher boiling rates the normal 
convection currents typical of boiling pools were 
established. 

Su~equon~y~ two other somewhat related studies 
were carried out by Paik et al. [4] and by Greene and 
Schwarz [.%J. Paik et al. conducted a series of 
experiments to simulate the heat transfer charac- 
teristics of molten core debris pools growing in the 
concrete. The molten core debris-concrete system was 
simulated by using a vol~etricalIy heated pool with 
gas injection at the pool boundaries. They correlated 
their data based on superficial gas velocity and 
characteristic bubble dimension. This method of 
correlation of their data is distinctly different from the 
method presented here. The characteristic velocity is 
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integration constant in equation (Ma} 
coefficients of expansion for 
characteristic velocity in the laminar 
boundary layer 
integration constant in equation (55b) 
coefficients of expansion for boundary 
layer thickness for laminar flow 
constants defined by equations (31) 
parameter defined by equation (56) 
parameter defined in equation (59) 
specific heat at constant pressure 
velocity profile for outer layer, 

(u - U,)l% 
velocity profile for inner layer, u/U, 
nondimensional turbulent shear stress 
Grashof number based on pool height 
L, @ATw + 6&&‘/v* 
Grashof number based on 
characteristic length x 
acceleration due to gravity 
nondimensional total buoyancy 
function 
heat transfer coefficient 
thermal conductivity of liquid 
pool height 
exponent in expansion (27a) for 
characteristic velocity 
exponent in expansion (27b) for 
boundary layer thickness 
Nusselt number based on length x, 
hxjK 
Nusseh number based on pool height 
L 
pressure 
hydrostatic pressure prevailing in two- 
phase medium outside the boundary 
layer 
local dynamic pressure in the 
boundary layer 
Prandtl number, &,/K 
wall heat flux 
volumetric heat generation rate 
Rayleigh number, Pr Gr 
temperature 
turbulent fluctuations in temperature 
T 
T-T, 

T,-T, 
characteristic velocity in x-direction in 
the laminar boundary layer 

U,, U, first- and second-order 
no~dimensiona1 velocities in the 
expansion for U* 

uln velocity maximum 
tl x-component of mean velocity in the 

boundary layer 
d turbulent fluctuations in u-component 

UT velocity scale for turbulent ~uctuations 
in the outer layer 

Y y-component of mean velocity in the 
boundary layer 

V’ turbulent fluctuations in o-component 
x coordinate in direction parallel to the 

base as shown in Fig. 1 

Y coordinate in direction normal to the 
wall. 

Greek symbols 

e dimensionless inner variable, y/A 

; 

void fraction in the boiling pool 
thermal expansion coefficient 

6 boundary layer thickness 

&I,& first- and second-order 
nondimensional boundary layer 
thickness in the expansion for 6* 

E perturbation parameter defined by 
equations (21b) and (33) 

4% perturbation parameter defined by 
equation (33) 

? dimensionless outer variable, y/6 
0 (T-U/AT 
K universal constant in temperature 

profile (55) 
h thermal diifusivity, K,fpC, 

iu dynamic viscosity 
V kinematic viscosity 

& 

fluid density 
scale for turbulent heat flux, qw/plaC, 

# nondimensional turbulent flux in the 
boundary layer 

Y (T- T,)/‘AT,. 

Subscripts 
0 pertaining to the outer layer 
a pertaining to bulk fluid properties 

outside the boundary layer 
I pertaining to inner layer 

g pertaining to vapor phase 
1 pertaining to liquid phase 
S pertaining to characteristic scale 
W pertaining to wall. 

Superscripts 
* pertaining to nondimensional 

variables. 
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governed by natural convection driven by the 
buoyancy effect of two-phase flow. However, the 
characteristic velocity used by these authors is also 
expected to depend on the rate ofinjection of gas. Hence 
the rate of heat transfer may also be governed by forced 
flows governed by injection rates ofthe gas at the base of 

the pool. 
Greene and Schwarz [S] studied heat transfer 

between overlying immiscible liquid layers with gas 

injection. They assumed two dominant modes of 
transfer. The first mode is driven by agitation at the 
interface caused by gas bubbling. The second mode is 
initiated at higher injection rates where the lower liquid 

layer is entrained in the form of droplets behind the 
rising bubbles as these burst through the interface. The 
entrained droplets transfer their sensible excess heat to 
the overlying liquid layer. However, these authors 
proposed a very preliminary correlation containing a 
number of adjustable parameters. The present study is 
not expected to simulate the second mode of heat 
transfer at the interface between overlying immiscible 
liquid layers. However, the first mode as identified by 
these authors should be simulated reasonably well by 
the turbulent natural convection (driven by the 
buoyancy effect of two-phase flow) model proposed 
here. 

The present analytical study proposes a mechanism 
for downward heat transfer to the base of the pool and 
successfully attempts to correlate the heat transfer data 
of Gabor et al. [3]. The present analysis is a 
continuation of the principal author’s work [6] on heat 
transfer from vertical/inclined boundaries of heat 
generating boiling pools. 

GOVERNING EQUATIONS 

The convection currents driven by the buoyancy 
effect of two-phase flow in the bulk of the pool cause 
fluid to be drawn along the base from either edges and 
then rise into the bulk fluid near the center of the base. 
For the unheated base plate, fluid near it is subcooled 
and therefore free from boiling. At large Rayleigh 
numbers (based on the height ofthe pool) the flow along 
the base can be assumed to be a single-phase boundary 
layer flow starting from the edges of the base plate. 
Outside the boundary the flow is assumed to be 
essentially stagnant consisting of a two-phase mixture. 
This model is depicted schematically in Fig. 1. 
Depending upon the values of Rayleigh numbers the 
flow may be laminar in the initial segment of the 
boundary layer and turbulent in the latter part. At very 
high Rayleigh numbers, the laminar part in the initial 
segmentmaynot extendformorethanafewmillimeters 
and the turbulent part may almost extend over the 
whole segment. The analysis is carried out over a range 
of Rayleigh numbers high enough so that the boundary 
layer approximations are valid both in the laminar and 
turbulent segments. Consequently, the governing 
equations in the spirit of the Boussinesq approximation 

both for laminar and turbulent flows can be given as 

d”+du=() 
ax ay 

7 -~+p$+&u”) (2) 

_ap+ps=O 
ay 

(4) 

where the symbols are defined in the nomenclature. 
It is convenient to decompose the static pressure P 

into local hydrostatic pressure P, prevailing in the two- 
phase medium outside the boundary layer, so that 
VP,, = --pag, and dynamic pressure P,,, which arises 
due to motion. Consequently, we can write 

VP = VP, + VP, = VP, - pag. (5) 

We may note that the Boussinesq approximation for 

natural convection flows consists of a two-part 
approximation: (a) it neglects all variable property 
effects in these governing equations except for the 
density variation in the momentum equation, and(b) it 
approximates this density through a simplified 
equation of state 

P = PI~+PBU- 0 (6) 

Assuming further that the void fraction in the bulk of 
the pool is independent of height y from the bottom of 
the pool (see Fig. 1). In view of this assumption, the two- 
phase density pa is given as 

Pa = ~p,+U-4Pk (7) 

Substituting equation (5) into equation (3) gives 

-%C(P--p.)g=O. 
The use of equations (6) and (7) gives 

-2 +C~~(P~,-P,)+PB(T--T,)I~ = 0 @W 

-- 

FIG. 1. Mechanistic model of downward heat transfer from 
volume heated boiling pool. 
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or (12) gives 

where we assumed that pls 9 pe and that p N pla, the 
latter approximation is consistent with Boussinesq’s 
approximation. The use of equation (5) and the 
approximation p N pLp in equation (2) gives 

au au i ap a% - 
g-.--fu-_= ---...E+fv-.+ 
ax ay 

2_ a(_U’v’). 
ha ax w pIa ay 

(9) 

The boundary conditions on equations (l), (9), (S), and 
(4) are 

u,v=O,T=T, at y==O (lOa) 

u,v = 0, P, = 0, T = T. at y = 6. (lob) 

In writing down equation (lob), we have assumed that 
the momentum and thermal boundary layers are of 
equal thickness. This assumption is valid for moderate 
Prandtl number fluids of interest to the present study. 

INTEGRAL METHOD OF ANALYSIS 

FOR LAMINAR FLOW 

For laminar flow in the boundary layer, we drop the 
turbulent diffusion terms in equations (9) and (4) and 
integrate these equations together with equations (1) 
and (lo), over the boundary layer thickness to obtain 

a a 
ax, s $dy= -- j’, 1; t$’ dy-v(~)y=o (11) 

a a 
;isT, s u(T-T,) dy = --I 

a(T--T,) [ 1 - 
ay 

+ 4s 
y-0 PlaC,’ 

w 
Integrating equation (8) between a location y to 6 and 
using the boundary condition (lob) on pressure Pm, we 
obtain 

-P,(y,x) = gp,Ja(G--y)+B 
J‘ 

‘(T-r,) +I. (13) 
Y 

Let us assume the following profiles for velocity and 
temperature 

+(l-#, o= s = (1 -t,Q2. (14a,b) 
w B 

These profiles clearly satisfy the boundary conditions 
given by equation (IO). The substitution of equation 
(14b) into equation (13) gives 

The use of equations (14) and (16) in equations (1 lf and 

~OndimensionaIi~ng the above equations by intro- 
ducing the following nondimensional variables 
6* = 6/a,, x* = .x/Lz U* = U/U,, we obtain 

1 d(S*U*2) 196, 
-p=;s(pL\T,+6a) 
105 dx* 8 

1 d@*U*) L v 

O( > 

2 1 _.....-= - - -- 
30 dx* 68 U,S, Pr 6* 

+ 
qti* 

P&,AWS 
1 (20) 

If we choose the following scales 

and the perturbation parameter as 

then in the limit as E -+ 0 we have 

1 dV26* 
- ~ = O(l), 
105 dx* 

; g = O(l), g = O(1). 

With the choice of scales given by equation (21), 
equations (19) and (20) become 

1 d(6*U*2) 
105 dxI* (22) 

1 d@*U*) 2 1 

307 
= pr -@ +s6*. (23) 

The effect of internal heat generation in the boundary 
layer will be included through the perturbation 
parameter, E. 

Seeking solution of equations (22) and (23) in the 
form 

k=O k=O 
(24) 

Substituting the above expansion into equations (22) 
and (23) and equating terms of like coefhcients up to e, 
we obtain 

ao. 1 d(Wo) 1 6 dSo Uo __I___ 
‘---=; Odx* & 105 dx* 

(25a) 

1 d(U,&) 2 1 -e=-- 
30 dx+ Pr & 

(2-W 
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We assume a solution of the form 

u k = Al;x*m~*2kn for k = 0, 1,2,. . . (27a) 

S, = B,x*“x**~ for k = 0, 1,2,. . . (27b) 

The substitution ofequation (27) in equation (25) yields 

m = 1/S, n = 215, 

B, = [ 1500(; +Pr)y” Pz+-~/~. (28b) 

The substitution of equation (27) in equation (26) gives 

3, = 

(2fW 

A -150 A5 2 B 
I 
----+- 

7 B, Pr B,: I’ 

Now, using equations (27) and the values of m and n 
given by equation (ZSa), in equation (24), we obtain the 
following two-term expansions 

U* = A,x*~~~+EA,x* (3ON 

6* = Box*z/5 +EB,X*6’5. (3Ob) 

Heat transfer coejjicient 
From the definition of Nusselt number and 

equations (19, (21), (281, and (301, we obtain 

%7x 
Nux = K(T,- T,) 

2x 234 Ra:!” 
=I=: 

6 1 +&,Bf Ray (-?laf 

where 

lrli3 Em = [(@AT, + 601)g]~‘~ 

Ra, = Pr Gr,, Gr, = (@AT, +6u)gx3/v2. (31d) 

From the definition of&= and equation (21b), it is clear 

that sm = E if the length scale L is chosen as 

L= 
,,?.I3 

[@AT, f6a)g]“3’ 
(32d 

With the above choice of the length scale, U, and 6, as 
given by equation (Zla) become 

U, = [~(AT,+6a)g]“~, 6, = 
p/3 

[(~A~~+6a~~]1’3. 

It is clear that with the choice of scales as given by 
equations (321, the requirement imposed by equation 
(2lc)on the order of various terms is still satisfied. With 
these scales, it is evident that for the ~~urbatiou 
scheme to work, we must have 

’ = Em = [Q3AT,+60()g]2’3 

The typical values of E for application to transition 
phase of a hypothetical core disruptive accident with 
01 = 0.1, 4 = 175.86 x lo6 W m-3, AT, = 24 K, s N 3 
x 10m3. This value of E corresponds to boiling pool 

consisting ofa mixture of stainless steel and molten fuel 
with stainless steel boiling. In other applications the 
values of& are expected to be even smaller. For exampte, 
in experiments by Gabor et al. [S], the values of s are of 
the order of 10e4. Therefore, in applications that we are 
considering, equation (33) is readily satisfied, 
Consequently in the limit as E -+ 0, i.e. with negligible 
effect of internal heat generation, equation (31a) 
becomes 

Nu, = 2B,* Ru;‘~ = 
2pr”5 

[ 1500($ +Pr)jr15 RaY5* 

(34) 

The above expression agrees within error of about 5% 
with the exact expression given as 

Nu, = 0.394Pr”20 RatIs. (35) 

This expression is obtained by Pera and Gebhart [7] 
for the case of single-phase heat transfer driven by 
temperature gradient alone. However, in comparison 
between these two expressions, it is assumed that the 
Gr~hofnum~r to beusedinexpr~sion(35~is the two- 
phase Grashof number defined by equation (31d). 
From expressions (28) it is clear that the two constants 
A, and B, are positive numbers, and hence B, given by 
expression (29a) is also a positive number. This in turn 
implies that the boundary layer thickness given by 
equation (30b) will increase with internal heat 
generation and the heat transfer coefficient given by 
equation (31a) will decrease as the internal heat 
generation rate increases. This effect of internal heat 
generation is quite opposite to the effect on heat transfer 
from vertical or inclined walls of the boiling pool. As in 
the latter case, the internal heat generation tends to 
increase the heat transfer coefficient [6]. Another 
distinction between the two cases is that the Grashof 
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number for the case of heat transfer from vertical walls 
is based on Gr, = (fiAT..+3c()gx3/vz instead of its 
definition as given by equation (31d) for the case of the 
horizontal base of the pool. Furthermore, the Nusselt 
number varies as one-fourth of the power of the 
Rayleigh number for the case of vertical walls as against 
one-fifth power in the present case. 

Theeffect ofinternal heat generation in thecase ofthe 
turbulent boundary layers to be discussed in the 
following section is expected to be small in view of the 
fact that the boundary layer is considerably thicker 
than that for the laminar flow and the temperature 
profile is significantly steeper near the wall than for the 
laminar flow. Consequently, the perturbation caused 
by internal heat generation in the boundary layer 
thickness and on the temperature profile for turbulent 
flow will be relatively less significant than for the 
laminar flow. In view of these comments, we will not 
consider the effect of internal heat generation for the 
case of turbulent flow. 

TWO-LAYER MODEL OF TURBULENT LAYERS 

Theintegral method utilized for laminar flow proved 
to be very successful (the error in the expression for the 
Nusselt number is less than 6% from the exact analysis). 
However, similar analysis for turbulent flow cannot be 
performed as velocity and temperature profiles cannot 
be prescribed with any degree of satisfaction, since the 
behavior in the inner part of the boundary layer is 
definitely different from that in the outer part. 
Consequently, these integral approaches have to be 
augmented by experimental data near the wall. Even 
then a reasonable accuracy is not assured. To 
circumvent these difficulties we resort to an alternative 
approach based on a two-layer model of the turbulent 
boundary layer. This approach had a very measurable 
success in the case of heat transfer from the vertical wall 
of the boiling pools [6]. This approach has also been 
used very successfully by George and Capp [S] for the 
single-phase natural convection flows along the 
vertical wall and by Long [9] for the case of single- 
phase natural convection flow in horizontal layers. 

In the analysis to be presented we will extend the use 
of the two-layer model to the combined temperature 
and two-phase buoyancy driven turbulent boundary 
layer existing next to the base of the boiling pools. 
Analogous to turbulent boundary flows in forced flow, 
George and Capp [S] have shown that the fully 
developed turbulent boundarylayerin the temperature 
driven natural convection also consists of two regions : 
a thin diffusion-controlled inner region and an outer 
region constituting most ofthe boundary layer in which 
viscous and conduction terms are negligible. They 
further identify that the inner region is a constant heat 
flux layer made up of two major subdivisions : an inner 
subregion consisting of a conductive and viscous 
sublayer existing right next to the wall and an outer 
subregion existing at the outer part of the constant heat 

flux layer which is referred to as the buoyant sublayer. 
An asymptotic matching in the buoyant sublayer 
between the inner and outer layers yields velocity and 
temperature profiles. These universal similarity laws, in 
turn, yield asymptotic heat transfer and friction laws. 

As already mentioned, the scaling laws for the 
laminar flow as given by equation (32) are different from 
those used forlaminar flow along the vertical walls. One 
may expect similar differences for the case of turbulent 
flows. The scaling laws obtained by both George and 
Capp [S] and by Long [9] are based on dimensional 
analysis, whereas in the present analysis we will obtain 
these scaling laws formally from the governing 
equations by assuming separate similarity solutions for 
the inner and outer layers. This approach is similar to 
one used previously for the vertical walls ofthe pool [6]. 

Scaling of buoyancy term 
The integral equations (19) and (20) or equations (22) 

and (23) describing the laminar flow, clearly show that 
buoyancy pla(/3AT -t cc)g term occurring in equation (8) 
should be scaled by p&AT, + 6u)g to yield the velocity 
scale given by equation (32). In the turbulent boundary 
layer driven by temperature difference alone, the inner 
and outer scales for the buoyancy terms are clearly 
determined by the choices for temperature scales for the 
two layers. However, for the case of two-phase driven 
flows, the buoyancy contribution agp,, is generated 
outside the boundary layer and remains invariant both 
in the inner and outer layers. Hence, for this 
contribution to survive in the momentum equations 
governing the inner and outer layers, we must use the 
same scale for the two layers. In the inner layer, 
however, where most of the temperature drop occurs 
(this follows from the analogy with the forced 
convection), it is clear that AT = 0(AT,), and hence 
(PAT + a) = O(pAT, + 6cr), where a factor of six for tl is 
preserved by analogy with the laminar case with an aim 
to show an equivalence between the two-phase driven 
flows and those driven by thermal expansion alone. As 
long as the two-phase buoyancy contribution 
dominates, it is appropriate to use the same scale, 
namely, (PAT, + 6a) both in the inner and outer layers. 

The inner layer. Let us assume a similarity solution of 
the form 

U = U,f’(<,Pr), T-T, = AT&(,Pr) (36a) 
- 

- u‘u’ = u,” G,( 5, Pr), - v’T’ = @&r(& Pr) (36b) 

p, = P*,u:V(r, Pr), 

PAT+a = (/?AT,+6cr)H,(<,Pr). (36~) 

Substituting equations (36) in equations (9), (8), and (4) 
and using equation (l), we obtain 

+ 5 + $- G; (37a) 
I I 



ap: 
- = P:’ = $‘?AT,+6a)H, 
at 

W’W 
I 

For the horizontal base as can be seen from equations 
(37a) and (37b), pressure P, gives the driving 
mechanism for the fluid flow. Because of the buoyancy 
generated by two-phase volume boiling, the bulk fluid 
rises up and sets up a negative pressure gradient along 
the base. This in turn causes the boundary layer to flow 
over the base plate. Consequently,in the inner layer not 
only molecular and turbulent diffusion terms dominate 
but also the contribution of the pressure gradient must 
be retained in the inner layer. These considerations lead 
us to the following choice for the various scales 

A = 1/ur, @, = ATUi, u, = Ui (38a) 

U, = [(/?AT,+6a)gh]“* = [(BAT, 

+ 6a)gl] *‘3 (38b) 

A = P3/[(/3ATW + 6a)g] 1’3. (38~) 

From equation (38a), we can write 

AT, = AD,/1 = AT, (38d) 

where we have used the fact that AT, = AT,. 
In the above choice for length scale A, it is implicit 

that Pr = O(l).Fromequations(38)it isclear that U,, A, 
and Qr are not functions of x, hence equations (37) 
simplify to 

0 = -AZ +Pr f”‘+G; (394 

P:’ = H I (39’4 

0 = eR+q5;. (39c) 

The integration of equation (39~) together with 
equation (38d) gives 

W+&= --&. (40) 
a P 

From the above equation it is clear the scale @, must be 
chosen as 

Qr=4v. 
PlaC, 

(41) 

It is also clear from equation (40) that the inner layer is a 
constant flux layer. However, in the outer layer heat 
flux must vanish at the outer edge and must be equal to 
q,,, at its inner edge. It then follows that the scale Q. for 
the heat flux in the outer layer is also given by equation 
(41), that is 

++. (42) 
fJlabp 
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The outer layer. For the outer layer, by analogy to the 
forced convection case, we assume the similarity 
solution to be of the form 

u-u, T--T, = F’(v), 6T = Y(q) (434 
ull 0 

- 
-u‘u’ = u;G,(q), -v’T’ = @o4o(q) (43b) 

BAT + a = (BAT, + 6cr)H,(~), P, = pla UiP,f(tl). 

(43c) 

The use of equations (43) in equations (l), (9), (8) and (4) 
gives 

26 du, Pt au, ap: 
u. dx u. ax 

+-+"'+ 
m 

&Go (44a) 
0 m 

VW 
Since by assumption the outer layer is dominated by 
mean convection, turbulent diffusion, and buoyancy 
terms, equations (44) will have similarity solution 
provided the following conditions are satisfied 

ug = u, (45a) 

da 

dx= C, 

6 duo 
--_=C 
u. dx 2 

6 dAT, 
----_-Cc3 
AT, dx 

(45c) 

(454 

UT = uo (454 

u. = U, = J(g(BATW+6a))6 (45f) 

@o = aoAT, = q,Jp,.C, (45g) 

where in equation (45g), we have substituted for a, 
from equation (42). Condition (45b) implies that 6 N x. 
In view of equation (45b), equations (45~) and (45d) can 
be written as 

(46) 



where b and d are constants. Equations (46) yield for turbulent diffusion terms. Because of strong 

fig = aSb, AT, = C?id (47) 
coupling between momentum and energy equations, 
traditional formulations for eddy diffusivities for 

where a and c are integration constants. The momentum and heat transfer based on forced 
combination of equations (45f) and (45g) give convection flows cannot be extended to the case of 

AT,=% @o natural convection flows. An alternative approach is 

u0 [(~AT,+~cc)~S]“~ 
feasible. Since turbulent boundary layers have all the 
characteristics ofsingular-perturbation problems [IO- 

= iP,C,C(lrA~~+60r)g6,‘“). (48) 

123, some specific results can be obtained by carrying 
out asymptotic matching between the inner and the 
outer layers. The asymptotic constraints imposed on 

The comparison of equations (47) with equations (45f) the velocity and temperature profiles make ad hoc 
and (48) yields assumptions on the relation between the Reynolds 

a = [g(BAT, + 6c()] li2, b =i, d = -i (49a) 
stress and the velocity gradient and between the 
turbulent heat diffusion and the temperature gradient 
unnecessary. 

@o In the proposed two-layer model, we seek the 

’ = [(BAT, + 6cr)g] “’ ’ WW solution for the inner layer in the form given by 

Thus, the choiceofscales given by equations (45f),(45g), 
equation (36a) and for the outer layer in the form given 

and (48) together with the condition (45b) ensures the 
by equation (43a). However, as shown by Tennekes and 

existence of similarity solution (43). Equation (44b) 
Lumley [lo], the existence of a matched layer or a 

upon integration between thelimits q to 6 together with 
region of overlap between the inner and the outerlayers 

use of boundary condition (lob) gives 
is possible only if the limits 5 = y/A + co and q = y/6 
-+O can be taken simultaneously. This, however, is 
possible since as Ra, or Gr, + co 

-P,*(v) = ffobd dv (504 
6 y z/3 
-_= _ 

and 0 A 1 
[BAT’+ 6a)gd3/v2] 113 = (Pr Ra,)li3 -+ co. 

. , 
(53) 

Consequently, the principle of asymptotic matching 
when applied to temperature gradient yields 

The use of equations (45), (46), and (49a) in equations 
(44a) and (44c) and then taking the limit II&,/V + a, (54) 
yields 

lim [r3/*@] = lim [q3/2Y] = - 5. 
6-m 1-o 

; ; [F2 + 2F’- 3FF” - 3$“’ + 1+4(PX(r]) 
The integration of this equation gives the temperature 
profiles as 

-Ho(d)1 = WI) (514 

-~~C(l-P.)~+3~~‘+3FP’l=db. (5lb) 

For use in the subsequent analysis, it is also ofinterest to 
obtain the ratios of the inner to outer scales for velocity Requiring now that these profiles themselves match at a 

and temperature. From equations (38), (41), (45), and given point in the overlap region, gives us 

(48), we get C-T, 12 112 

-=c’-‘=B s 
(524 

AT 0 - A(Pr). (56) 

In obtaining the above relations, we have made use of 

AT 6 l/2 

0 
equation (52b). 

-=- 
AT, A 

Wb) From equation (56) it is clear that 

C-‘-t -A(Pr) as A/6-,0 or as Ra,+co 

(57) 

ASYMPTOTIC MATCHING which shows that C’is a function ofthe Prandtl number. 

The adoption of a two-layer model has greatly 
From equations (56), (38d), 38c), and (41), we obtain 

simplified the governing equations. However, in spite of 
these simplifications of equations (39) for the inner layer 

AT c’=-= 9wL (l/v)*‘3 

and equations (51) for the outer layer, still these 
T, - T, (T, - T,)K [(BAT W + 6u)&/v2] 1’3 

equations cannot be solved due to lack of closure laws (58) 
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T-T, 
__ = lit 

67; 
- I’* + A(Pr) 

T-T, 
dT, = KII - 1’2 + B. W-9 
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which yields 

Nu = c’ Pr- 113 &“3 = C(Pr)Ra’/3 (59) 

where C = Pr - ‘I3 C’. From asymptotic relation (57), it 
is clear that C is function of the Prandtl number only. 

The only single-phase reliable correlation with 
which above correlation can be compared with is due to 
Long [9] for the case of turbulent thermal convection in 
horizontal fluid layers. He obtained the following two 
correlations depending upon his assumed dependence 
of the temperature profile with the distance in the 
overlap region 

I 0.04356Ra”’ 

Nu = [l- 1.402(Ra Nu)- 1’12]4’3 for ’ = fta,b) 

0.04786R~“~ 
[l _2.544(Ra Nu)- 119413 for = Ii2 

where s = l/3 denotes inverse cube root profile and 
s = l/2 inverse square root profile. Long’s latter choice 
for temperature profile is the same as we have arrived at 
in equation (55). These correlations clearly show that as 
Ra + co, Nu a Ra’/j, which is in agreement with 
expression (59). 

The data to be used for determining constant C in 
equation (59) is due to Gabor et al. [3]. The Prandtl 
number was varied between 2.38 and 3.08. This 
variation, however, is not large enough to determine 
reliably the dependence of C on Prandtl number. 
Consequently, we will assume C to be a constant. 
Figure 2 shows data of Gabor et al. plotted as Nu vs Ra. 

These data constitute about 76 data points. 
Maintaining a slope of one-third on the log-log scale as 
predicted by expression (59), we show in Fig. 2 the 
following least square fit through this data 

Nu = 0.0375Ra”3. (61) 

On the average, the data does appear to show a slope of 
one-third and thus signifies a satisfactory agreement of 

____ Nu-0.0375Ra 
l/3 

FIG. 2. Correlation ofdownward heat transfer coefficient data 
of Gabor et a[. [3] and comparison with Long’s correlations 
[9].(---,inversecuberoot temperatureprofile;-* --,inverse 

square root temperature profile). 

the theory with the data. Also shown in this figure are 
the two Long’s correlations given by equation (60). The 
Rayleigh number used in these correlations is based on 
two-phase flow as defined by equation (31d). Over the 
range of these Rayleigh numbers there does not appear 
to be any significant difference between these two 
correlations by Long. The agreement between these 
correlations and that given by equation (61) appears to 
be within the scatter of data and improves as Rayleigh 
number increases. In fact, correlation (60a) differs by 
about 14% from the present correlation (61) as Ra + 03 

which is well within the scatter of the data used here. 

CONCLUSION 

A comparison of the turbulent analysis with 
experimental data for the heat transfer coefficient from 
the horizontal base of the volume heated boiling pools 
and with existing empirical correlation by Long [9] 
obtained for temperature driven thermal convection in 
horizontal layers confirms the validity of the proposed 
heat transfer model, that is, heat transfer to the base of 
the boiling pool takes place through a single-phase 
turbulent boundary layer driven along the base by the 
buoyancy forces of the two-phase void distribution in 
the bulk of the pool. The analysis for the laminar case 
shows that the combined (or opposing) two-phase and 
temperature driven natural convection along the base 
of pool is characterized by Grashof number, 
Gr = (flAT,+6cr)gti/vZ. With this definition of Gr, 

both for laminar and turbulent flows, the analysis 
shows that an equivalence exists between the heat 
transfer laws for the combined two-phase and thermal 
expansion driven natural convection and the laws for 
temperature driven natural convection alone. 
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TRANSFERT THERMIQUE PAR EBULLITION DANS DES RESERVOIRS 

R&urn&On propose un modtile pour le transfert thermique B partir de la base horizontale d’un volume 
chauffi: par ibullition en r6servoir. A cause de la diffkrence de densite entre la masse fluide et le fluide proche de 
la base, le fluide diphasique plus ltger cause le mouvement de la masse dans la direction ascendante et 
provoque un gradient nigatif de pression le long de la base du rkservoir. Cette pression nkgative provoque le 
retour du liquide monophasique froid dans la couche limite de la base. L’analyse pour le cas laminaire fournit 
la dkfinition d’un nombre de Grashof tquivalent pour la convection naturelle le long de la base plane. La 
couche limite turbulente est analyske en supposant un modile g deux couches dans lequel la couche interne est 
caract6riste par des termes visqueux et de conduction et la couche externe par des termes de convection 
moyenne. L’analyse de similitude des Cquations fournit des profils universels de tempkrature et de vitesse et les 
loispourlesdeuxcouches.UneatteinteasymptotiqueduprofildetempCraturedanslar~gionderecouvrement 
conduit B une loi de transfert thermique qui reprksente bien les donnies expirimentales disponibles sur 

1’6bullition en rtservoir. 

ABWiiRTS GERICHTETER WARMETRANSPORT IN WARMEERZEUGENDEN 
SIEDEBEHALTERN 

Zusammenfassung-Es wird ein Model1 fiir den Wlrmeiibergeng an der horizontalen Bodenplatte eines 
volumenbeheizten Siedebehllters vorgeschlagen. Aufgrund der Dichteunterschiede zwischen dem Kernfluid 
und dem bodennahen Fluid, die durch das ‘Volumensieden’ hervorgerufen werden, verursacht das leichtere 
zweiphasige Fluid aufwlrtsgerichtete Striimungen des Kernfluids sowie einen negativen Druckgradienten 
llngs des Behilterbodens. Dieser negative Druckgradient bewirkt ein Nachstriimen unterkiihlter einphasiger 
Fliissigkeit in die Grenzschicht der Bodenplatte. Die Untersuchung des laminaren Falls erbrachte die 
Definition einer iquivalenten Grashof-Zahl fiir die gleichsinnig (oder gegensinnig) gerichtete natiirliche 
Konvektion entlang der Bodenplatte aufgrund der Temperaturunterschiede und der zweiphasigen StrBmung. 
Die turbulente Grenzschicht wurde mit Hilfe der Annahme eines Zweischichtenmodells untersucht, bei dem 
die innere Schicht durch Viskositlts- und Wffrmeleitungsterme charakterisiert ist und die luDere Schicht 
durch mittlere Konvektionsterme. Die Ahnlichkeitsbetrachtungen der maDgeblichen Gleichungen liefern 
universelle Temperatur- und Geschwindigkeitsprofile sowie die MaBstabsfaktoren der inneren und luBeren 
Schicht. Ein asymptotisches Anpassen der Temperaturprofile in der Uberschneidungszone fiihrt zu einer 
Wgrmeiibergangsbeziehung. welche die verfiigbaren experimentellen Daten volumenbeheizter Siedebehllter 

zufriedenstellend korreliert. 

TEnJIOIIEPEHOC B TEfIJIOBbI~EJI5IIoIl@,iX 6OJIbIIlMX OI%EMAX 
XKMAKOCTA I’IPM KWIlEHMM 

AnnoTauiIa-npemomeHa MOLteJIbTennonepeHoca 0T rOpW30HTaJIbHOrOOCHOBaHIlx60nbmoro o6aeMa 

HarpeBaeMoii 20inK0~~~. M3-3a eb~ssamioii KnnemfeM pa3HocTH nnoTHocrefi ivewy oCH~BHO~~ Maccol 

XWILKOCTH U e45 9aCTbFO y OCHOBaHHR 6onee JIerKall nByX@a3HaSI XWWOCTb npI,BOAHT a &BWKeHlle 

OCHOBHyH) MaCCy TWDKOCTB n0 HanpaaneHHlo BBepX. B p3yJlb-rare gel-0 B03HWKaeT OTpIiLlaTenbHbIti 

rpanHeHT DaBJIeHFiII BL,OJIb WiIKHefi nOBepXHOCTH KOHTetiHepa. B CBOH) O'lepenb 3TO np&iBOWT B 

,LlBHTeHHe MaCCy nepeOXJlaWleHHOii OL@IOI$a3HO8 TWLIKOCTH B nOrpaHH'iHOM CJlOe BnOJlb OCHOBaHWIl 

KouTeluepa. hams nahwHapHor0 cnyqaa n03aonKeT 0 0npenenHTb 3KnHBaneHTHoe wcno rpacroaa 

L,,Ia CMemaHHOfi KOHaeKL,HW Qna nByX+a3HbIX IIOTOKOB. Typ6yJIeHTHbIfi nOi-paHHqHbIfi CJIOii aHaJW- 

3epyeTcn a npennonowteHmi neyxcnofiHoir Monemi, B ~o~op0B EIH~T~~HHB~~ cnofi xapaKTepe3yeTcn 

BI13KUMB II KOHflyKTABHblMB YneHaMB, a BHemHBii CnOfi - CpL,HHMH KOHBeKTHBHblMW WIeHaMW. 

hianus OCHOBHbIX ypaBHeHLiti C nOMOmbl0 TeOpHH nono6an n03BOJWeT nOJIy'iHTb yH5iBepCanbHbIe 

np0&iJEi TeMnepaTypbI B CKOpOClH U KpHTepMR nono6an Lb’ln BHyTpeHHHX W BHemHWX CJlOeB. 

C nOMoulbEo aC&iMnToTwIeCKOrO cpamaeaHHn TeMnepaTypHoro npO&fJUI B o6nacm nepeKpbITsn 

nonyqeH 3aKoH TennonepeHoca, KOTOpbIi-, yAOBJIeTBOpHTeJ,bHO o6o6qaeT UMeKWWeCR ZiKCnepHMeH- 

TanbHbIenaHHbIe n0 KWneHWIO B 6onbmohi o6aeMe XWLIKOCTH. 


