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Abstract— A model for heat transfer from the horizontal base of a volume heated boiling pool is proposed.
Because of the density difference caused by volume boiling between the bulk fluid and the fluid near the base,
the lighter two-phase fluid causes movement of the bulk fluid in the upward direction and causes a negative
pressure gradient along the base plate of the pool. This negative pressure drives returning subcooled single-
phase liquid in the boundary layer along the base plate. The analysis for the laminar case provides the
definition of equivalent Grashof number for the combined (or opposing) two-phase and temperature driven
natural convection along the base plate. The turbulent boundary layer is analyzed by assuming a two-layer
model in which the inner layer is characterized by viscous and conduction terms and the outer layer by mean
convection terms. The similarity analysis of the governing equations yields universal profiles for temperature
and velocity and the scaling laws for the inner and outer layers. An asymptotic matching of the temperature
profile in the overlap region leads to a heat transfer law that correlates the available experimental data on a
volume heated boiling pool satisfactorily.

INTRODUCTION

THE PHENOMENON of heat transfer from volumetric
heated boiling pools in the downward direction is of
considerable interest in nuclear reactor safety analysis.
For example, in the post-accident heat removal
{PAHR) studies of liquid metal cooled fast breeder
reactors (LMFBRs), it is of interest to determine heat
transfer to the boiling stainless steel liquid film in
molten pool penetration of an MgO substrate. The
bubbles rising from the boiling of a stainless steel film
lying at the bottom of a heat generating pool consisting
of a MgO and UQ, eutectic solution, causes the
upward motion of the bulk fluid. The buoyancyeffect of
the two-phase bulk fluid generates a negative pressure
gradient along the base resulting in motion of the
single-phase fluid in the boundary layer over the
stainless steel liguid film. Because of heat generation in
the molten pool, the temperature of the pool is expected
to be higher than the saturation temperature of
stainless steel, hence the bubbles formed due to boiling
of the stainless steel film do not condense in the bulk of
the pool and continue to maintain convection currents
until the whole thickness of the film is boiled off.

The heat transfer from concrete substrate during
molten pool penetration or during sodium-concrete
interaction also takes place due to convection driven by
gas and water vapor bubbles released from the concrete
substrate heatup and due to chemical reactions at the
interface. Similarly downward heat transfer in the
boiling pool of stainless steel and fuel mixture
pertaining to the transition phase of hypothetical core
disruptive accidents is of considerable interest in
predicting the dynamics of the pool.

* This work was performed under the auspices of the 1.5,
Department of Energy.
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Besides the above-mentioned applications, the
cooling of the modern electronic components
characterized by relatively high heat fluxes, takes place
through volume boiling which causes convection
currents and subsequently rejection of heat to a
horizontally submerged condenser {1]. The heat
transfer from internally heated boiling pools is also of
potential interest in chemical reactor engineering,

The initial preliminary experimental study of
downward heat transfer from heat generating boiling
pools was carried out by Stein et al. [2]. Subsequently
their work was extended with various refinements by
Gabor et gl. [3]. Besides the measurements of the
downward heat flux, these authors also performed
visuat studies of the flow pattern along the base of the
pool. Since the base was cooler than the bulk of the
fluid, the temperature gradient at the base opposed the
natural convection motion driven by the buoyancy
effect of the two-phase mixture in the bulk of the pool.
Consequently, at low boiling rates, these authors
observed a wave of cold liquid washing back and forth
across the base, and at higher boiling rates the normal
convection currents typical of boiling pools were
established.

Subsequently, two other somewhat related studies
were carried out by Paik et ¢f. {47 and by Greene and
Schwarz [5]. Paik er al. conducted a series of
experiments to simulate the heat transfer charac-
teristics of molten core debris pools growing in the
concrete. The molten core debris—concrete system was
simulated by using a volumetrically heated pool with
gas injection at the pool boundaries. They correlated
their data based on superficial gas velocity and
characteristic bubble dimension. This method of
correlation of their data is distinctly different from the
method presented here. The characteristic velocity is
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NOMENCLATURE

integration constant in equation (55a)
coefficients of expansion for
characteristic velocity in the laminar
boundary layer

integration constant in equation (55b)
coefficients of expansion for boundary
layer thickness for laminar flow
constants defined by equations (31}
parameter defined by equation (56)
parameter defined in equation (59)
specific heat at constant pressure
velocity profile for outer layer,

(u - Um / U

velocity profile for inner layer, #/U;
nondimensional turbulent shear stress
Grashof number based on pool height
L, (BAT, + 6u)g/v*

Grashof number based on
characteristic length x

acceleration due to gravity
nondimensional total buoyancy
function

heat transfer coefficient

thermal conductivity of liquid

pool height

exponent in expansion (27a) for
characteristic velocity

exponent in expansion (27b) for
boundary layer thickness

Nusselt number based on length x,
hx/K

Nusselt number based on pool height
L

pressure

hydrostatic pressure prevailing in two-
phase medium outside the boundary
layer

local dynamic pressure in the
boundary layer

Prandt]l number, uC,/K

wall heat flux

volumetric heat generation rate
Rayleigh number, Pr Gr

temperature

turbulent fluctuations in temperature
T

T-T,

Tw - T;

characteristic velocity in x-direction in
the laminar boundary layer

first- and second-order
nondimensional velocities in the
expansion for U*

Un velocity maximum
u x-component of mean velocity in the
boundary layer
u turbulent fluctuations in u-component
Uy velocity scale for turbulent fluctuations
in the outer layer
v y-component of mean velocity in the
boundary layer
v turbulent fluctuations in v-component
x coordinate in direction parallel to the
base as shown in Fig. 1
y coordinate in direction normal to the
wall.
Greek symbols
¢ dimensionless inner variable, y/A
« void fraction in the boiling pool
I thermal expansion coefficient
é boundary layer thickness
dg,0,  first- and second-order
nondimensional boundary layer
thickness in the expansion for é*
e perturbation parameter defined by
equations (21b) and (33)
& perturbation parameter defined by
equation (33)
] dimensionless outer variable, y/6
0 (T-T,)/AT,
K universal constant in temperature
profile (55)
A thermal diffusivity, K/pC,
u dynamic viscosity
v kinematic viscosity
p fluid density
&, scale for turbulent heat flux, ¢,/p..C,
¢ nondimensional turbulent flux in the
boundary layer
¥ (T-T,)/AT,.
Subscripts
o pertaining to the outer layer
a pertaining to bulk fluid properties
outside the boundary layer
1 pertaining to inner layer
g pertaining to vapor phase
1 pertaining to liquid phase
s pertaining to characteristic scale
w pertaining to wall.
Superscripts

*

pertaining to nondimensional
variables.
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governed by natural convection driven by the
buoyancy effect of two-phase flow. However, the
characteristic velocity used by these authors is also
expected to depend on the rate of injection of gas. Hence
the rate of heat transfer may also be governed by forced
flows governed by injection rates of the gas at the base of
the pool.

Greene and Schwarz [5] studied heat transfer
between overlying immiscible liquid layers with gas
injection. They assumed two dominant modes of
transfer. The first mode is driven by agitation at the
interface caused by gas bubbling. The second mode is
initiated at higher injection rates where the lower liquid
layer is entrained in the form of droplets behind the
rising bubbles as these burst through the interface. The
entrained droplets transfer their sensible excess heat to
the overlying liquid layer. However, these authors
proposed a very preliminary correlation containing a
number of adjustable parameters. The present study is
not expected to simulate the second mode of heat
transfer at the interface between overlying immiscible
liquid layers. However, the first mode as identified by
these authors should be simulated reasonably well by
the turbulent natural convection (driven by the
buoyancy effect of two-phase flow) model proposed
here.

The present analytical study proposes a mechanism
for downward heat transfer to the base of the pool and
successfully attempts to correlate the heat transfer data
of Gabor et al. [3]. The present analysis is a
continuation of the principal author’s work [6] on heat
transfer from vertical/inclined boundaries of heat
generating boiling pools.

GOVERNING EQUATIONS

The convection currents driven by the buoyancy
effect of two-phase flow in the bulk of the pool cause
fluid to be drawn along the base from either edges and
then rise into the bulk fluid near the center of the base.
For the unheated base plate, fluid near it is subcooled
and therefore free from boiling. At large Rayleigh
numbers (based on the height of the pool) the flow along
the base can be assumed to be a single-phase boundary
layer flow starting from the edges of the base plate.
Outside the boundary the flow is assumed to be
essentially stagnant consisting of a two-phase mixture.
This model is depicted schematically in Fig. 1.
Depending upon the values of Rayleigh numbers the
flow may be laminar in the initial segment of the
boundary layer and turbulent in the latter part. At very
high Rayleigh numbers, the laminar part in the initial
segment may not extend for more than a few millimeters
and the turbulent part may almost extend over the
whole segment. The analysis is carried out over a range
of Rayleigh numbers high enough so that the boundary
layer approximations are valid both in the laminar and
turbulent segments. Consequently, the governing
equationsin the spirit of the Boussinesq approximation

both for laminar and turbulent flows can be given as

du dv
4 2=90 1
. +6y (1)
du u P Pu 0 —
- = i I Sy 2
p(“ax +”ay> O0x +“6y2+5y( wv) @)
0P
—6—+pg=0 (3)
Y
oT T 3T o(—vT) ¢
v =d—— b~y (4
“ox v dy oy? + dy JrpC,, @

where the symbols are defined in the nomenclature.
It is convenient to decompose the static pressure P

intolocal hydrostatic pressure Py, prevailing in the two-

phase medium outside the boundary layer, so that

VP, = —p,g, and dynamic pressure P,, which arises
due to motion. Consequently, we can write
VP:VPm+VPh=VPm_pag (5)

We may note that the Boussinesq approximation for
natural convection flows consists of a two-part
approximation: (a) it neglects all variable property
effects in these governing equations except for the
density variation in the momentum equation, and (b) it
approximates this density through a simplified
equation of state

p=putpp(T—T,) (6)

Assuming further that the void fraction in the bulk of
the pool is independent of height y from the bottom of
the pool (see Fig. 1). In view of this assumption, the two-
phase density p, is given as

Pa = apg+(1—a)pla' (7)

Substituting equation (5) into equation (3) gives

0P,
— =" +(p—pJg = 0.

8
oy (8a)
The use of equations (6} and (7) gives
oP,,
——— +[p—p)+pB(T—T)1g=0 (8b)

Oy

F1G. 1. Mechanistic model of downward heat transfer from
volume heated boiling pool.
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or

P,
o pule+B(T~T)lg
where we assumed that p), » p, and that p =~ p,,, the
latter approximation is consistent with Boussinesq’s
approximation. The use of equation (5) and the
approximation p = p,, in equation (2) gives
u6u+véu 18? 0Pu | &*u +1 (—d9).
= —{—u'v
ox dy Pa Ox Oy p,dy
©

The boundary conditions on equations (1), (9), (8}, and
(4) are

{8¢)

uv=0T=T,
uv=0P,=0T=T, at y=29

at y=0 {10a)

(10b)

In writing down equation {10b), we have assumed that
the momentum and thermal boundary layers are of
equal thickness. This assumption is valid for moderate
Prandt! number fluids of interest to the present study.

INTEGRAL METHOD OF ANALYSIS
FOR LAMINAR FLOW

For laminar flow in the boundary layer, we drop the
turbulent diffusion terms in equations (9) and (4) and
integrate these equations together with equations (1)
and (10), over the boundary layer thickness to obtain

$opP, Ou
P = — — B dy—v| — (11
f dy = P Jo 0Ox Y (a.)’)y=0 )
5(T~’Taq 4o
— § w(T—-T)dy= -4 + .
ox J‘O ( ) Y { 5}’ y =0 placp

12)

Integrating equation (8) between a location y to é and
using the boundary condition (10b) on pressure P, we
obtain

3
~Pp(y,X) = gpu[a(d—y)+ 8 f (T-T)dy]l. (13)
y

Let us assume the following profiles for velocity and

temperature

T-T,
EY = 1 2

T =4

w a

=

= n{l—y)?, {14a,b)

These profiles clearly satisfy the boundary conditions
given by equation (10). The substitution of equation
(14b} into equation (13) gives

gpdfa(l—n)
+PAT, 1. + 2 1 13)
Wy -t -3

P, 1, 2 ,\]ds
””é;c'“gpla[a+ﬁATw<3 ) +3’? )] dx'

The use of equations (14) and (16} in equations{11)and

—~Puln,x) =

(16)

(12) gives
1 ) vU
EET((SU )-———gé{ﬁAT + 60t )—-«? {17
1 deU) _ 21 o (18)

30 dx P1a C pA Tw '

Nondimensionalizing the above equations by intro-
ducing the following nondimensional variables
&* = §/8,, x* = x/L, U* = U/U,, we obtain

1 dE*U*d) 1 gé,
105 ae —gur PATH6
do* L v U
*® 1 .
(5 dx*) 5, Usas(é*) 1)
1d@E*Uu® LN/ v 2 1
30 dx*  \3,/\U.3,) Pro*
gLo*
+planATwUs‘ (20)

If we choose the following scales

vL\1? L
af(i) =G Us = [9(BAT, +60) (L1

(21a)
and the perturbation parameter as
qL
= 2
= CALGEAT, TeayoDr ¢
then in the limit as ¢ — O we have
1 dU*26* &% do* U*
05 ae =W g ge =0 =0l
(21¢)

With the choice of scales given by equation (21),
equations (19) and (20) become

1 dE*U*y) 1 __ dé* U*

05 o 8 ar e #
1dEUY 2 1

R S @

The effect of internal heat generation in the boundary
layer will be included through the perturbation
parameter, &.
Seeking solution of equations {22) and (23) in the
form
o] =4}
U*= Y U, &= Y &6,

k=0 k=0

29

Substituting the above expansion into equations (22)
and (23) and equating terms of like coefficients up to g,
we obtain

Id(U(z,éo) 1. .déy U

g0 e e 2
105 de 6N dar 5, @Y
1 d(Usdo) _ 2 1
2
30 dx*  Prd, (250)
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1
el 2
105 dn *(Ué +2U,U 80}
T — 26
(5‘ o T dx*) (50 51 ) (69
1 24
30d *(U061+U 50)- —““"‘_‘+50. (26b)
We assume a solution of the form
Uy = 4 x*™x*3* for k=0,1,2,... (27a)

8 = Bx*x*® for k=0,1,2,... (27b)

The substitution of equation (27) in equation (25) yields
m=1/5 n=2/5
proVis

Ag = {(28a)

[lai )]

1/5
302[1500( +Pr>] Pr-35.  (28b)

The substitation of equation (27) in equation (26) gives

150 15
(35’*" o Bo)

B, =
8 32 A 30
3 A2 ¢
0 7 +4Bot 33 ATy TR
(29a)
150 4o, 2
Ay = —= B, 29b
' 7 B, o PrB} (259)

Now, using equations {27) and the values of m and n
given by equation (28a), in equation (24), we obtain the
following two-term expansions

U* = Agx*® 484, x*

* = Byx*¥5 4 gB, x*%/5,

{30a)
(30b)
Heat transfer coefficient

From the definition of Nusselt number and
equations (14), (21), (28), and (30}, we obtain

__ 9% _2x 2B} Ralf®
N = T —T) 5 ~ 17eBt R O
where

1 Pris

B = 7= e (31b)
Bo Pr [1500(;6 +Pr)]
2
Bt = B, B, prnts

415 = 175
Bo Pr [1500( f—i—Pr)]

1/3

“n = [(BAT, + 60)g 1" (phc AT, ) e19
Ra, = Pr Gr,, Gr, = (BAT, +6a)gx*/v%. (31d)

From the definition of ¢, and equation (21b), it is clear

that &, = ¢ if the length scale L is chosen as

v2/3
L=—ooe— 32a
[(PAT, + 62)g1™ 02
With the above choice of the length scale, U, and 8, as
given by equation (21a) become

v2/3

[(BAT, +62)g]*"*
(32b)

It is clear that with the choice of scales as given by
equations (32), the requirement imposed by equation
{21cjon the order of various terms is still satisfied. With
these scales, it is evident that for the perturbation
scheme to work, we must have

Us = [V(ATw+6a)g]U3: 5 =

& =gy =

L 4 L @
[(BAT, + 62)g 1" (m,,cpan) <t )
The typical values of ¢ for application to transition
phase of a hypothetical core disruptive accident with
a=01,4=17586x10° Wm 3 AT, =24 K, e ~3
x 1073, This value of ¢ corresponds to boiling pool
consisting of a mixture of stainless steel and molten fuel
with stainless steel boiling. In other applications the
values of care expected to beeven smaller. For example,
in experiments by Gabor et al. [3], the values of ¢ are of
the order of 10~ *, Therefore, in applications that we are
considering, equation (33) is readily satisfied.
Consequently in the limit as ¢ — 0, i.e. with negligible
effect of internal heat generation, equation (31a)
becomes

2P Ral'S

175 C
[1500(16 +Pr)]

(34

Nu, = 2B} Ra* =

The above expression agrees within error of about 5%,
with the exact expression given as

Nu, = 0.394Pr/2° Rq)/5, (35)

This expression is obtained by Pera and Gebhart [7]
for the case of single-phase heat transfer driven by
temperature gradient alone. However, in comparison
between these two expressions, it is assumed that the
Grashofnumber to be used in expression (35)is the two-
phase Grashof number defined by equation (31d).
From expressions (28} it is clear that the two constants
Ay and B are positive numbers, and hence B, given by
expression (29a) is also a positive number. This in turn
implies that the boundary layer thickness given by
equation (30b) will increase with internal heat
generation and the heat transfer coefficient given by
equation (31a) will decrease as the internal heat
generation rate increases. This effect of internal heat
generationis quite opposite to theeffect on heat transfer
from vertical or inclined walls of the boiling pool. As in
the latter case, the internal heat generation tends to
increase the heat transfer coefficient [6]. Another
distinction between the two cases is that the Grashof
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number for the case of heat transfer from vertical walls
is based on Gr, = (BAT, +3a)gx*/v? instead of its
definition as given by equation (31d) for the case of the
horizontal base of the pool. Furthermore, the Nusselt
number varies as one-fourth of the power of the
Rayleigh number for the case of vertical walls as against
one-fifth power in the present case.

Theeffect of internal heat generationin the case of the
turbulent boundary layers to be discussed in the
following section is expected to be small in view of the
fact that the boundary layer is considerably thicker
than that for the laminar flow and the temperature
profile is significantly steeper near the wall than for the
laminar flow. Consequently, the perturbation caused
by internal heat generation in the boundary layer
thickness and on the temperature profile for turbulent
flow will be relatively less significant than for the
laminar flow. In view of these comments, we will not
consider the effect of internal heat generation for the
case of turbulent flow.

TWO-LAYER MODEL OF TURBULENT LAYERS

The integral method utilized for laminar flow proved
to be very successful (the error in the expression for the
Nusselt number is less than 6% from the exact analysis).
However, similar analysis for turbulent flow cannot be
performed as velocity and temperature profiles cannot
be prescribed with any degree of satisfaction, since the
behavior in the inner part of the boundary layer is
definitely different from that in the outer part.
Consequently, these integral approaches have to be
augmented by experimental data near the wall. Even
then a reasonable accuracy is not assured. To
circumvent these difficulties we resort to an alternative
approach based on a two-layer model of the turbulent
boundary layer. This approach had a very measurable
success in the case of heat transfer from the vertical wall
of the boiling pools [6]. This approach has also been
used very successfully by George and Capp [8] for the
single-phase natural convection flows along the
vertical wall and by Long [9] for the case of single-
phase natural convection flow in horizontal layers.

In the analysis to be presented we will extend the use
of the two-layer model to the combined temperature
and two-phase buoyancy driven turbulent boundary
layer existing next to the base of the boiling pools.
Analogous to turbulent boundary flows in forced flow,
George and Capp [8] have shown that the fully
developed turbulent boundary layer in the temperature
driven natural convection also consists of two regions:
a thin diffusion-controlled inner region and an outer
region constituting most of the boundary layer in which
viscous and conduction terms are negligible. They
further identify that the inner region is a constant heat
flux layer made up of two major subdivisions : an inner
subregion consisting of a conductive and viscous
sublayer existing right next to the wall and an outer
subregion existing at the outer part of the constant heat

flux layer which is referred to as the buoyant sublayer.
An asymptotic matching in the buoyant sublayer
between the inner and outer layers yields velocity and
temperature profiles. These universal similarity laws, in
turn, yield asymptotic heat transfer and friction laws.

As already mentioned, the scaling laws for the
laminar flow as given by equation (32) are different from
those used forlaminar flow along the vertical walls. One
may expect similar differences for the case of turbulent
flows. The scaling laws obtained by both George and
Capp [8] and by Long [9] are based on dimensional
analysis, whereas in the present analysis we will obtain
these scaling laws formally from the governing
equations by assuming separate similarity solutions for
the inner and outer layers. This approach is similar to
one used previously for the vertical walls of the pool [6].

Scaling of buoyancy term

The integral equations (19) and (20) or equations (22)
and (23), describing the laminar flow, clearly show that
buoyancy p.,(fAT + a)g term occurring in equation (8)
should be scaled by p,,(BAT,, + 6a)g to yield the velocity
scale given by equation (32). In the turbulent boundary
layer driven by temperature difference alone, the inner
and outer scales for the buoyancy terms are clearly
determined by the choices for temperature scales for the
two layers. However, for the case of two-phase driven
flows, the buoyancy contribution agp,, is generated
outside the boundary layer and remains invariant both
in the inner and outer layers. Hence, for this
contribution to survive in the momentum equations
governing the inner and outer layers, we must use the
same scale for the two layers. In the inner layer,
however, where most of the temperature drop occurs
(this follows from the analogy with the forced
convection), it is clear that AT = O(AT,), and hence
(BAT +a) = O(PAT, + 6a), where a factor of six for a is
preserved by analogy with the laminar case with an aim
to show an equivalence between the two-phase driven
flows and those driven by thermal expansion alone. As
long as the two-phase buoyancy contribution
dominates, it is appropriate to use the same scale,
namely, (BAT,, + 6a) both in the inner and outer layers.

The inner layer. Let us assume a similarity solution of
the form

U =US'&Pr),
—uv =12G(E Pr), —vT =Op(é Pr) (36b)

P, = p UIP}(E, Pr),
PAT +a = (BAT,, + 6)H{(&, Pr).

T—T, = AT Pr) (36a)

(36¢)

Substituting equations (36) in equations (9), (8), and (4)
and using equation (1), we obtain

A dUp ., dA oP¥  APF dU;
— I _ i —_ ” — —_A—_ — -
U, dx U7=0 dx 7 0x Uy dx
vfu/ U52
G; (37
v, Ty G G
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oP

Y Ag
- =P =17 (BAT, +60)H, (37b)
1

o
A dAT, . dA A dU,
—— r —_— I 0’
AT dx T
A o,
- g e
UA +U,A’I}¢' (37¢)

For the horizontal base as can be seen from equations
(37a) and (37b), pressure P, gives the driving
mechanism for the fluid flow. Because of the buoyancy
generated by two-phase volume boiling, the bulk fluid
rises up and sets up a negative pressure gradient along
the base. This in turn causes the boundary layer to flow
over the base plate. Consequently, in the inner layer not
only molecular and turbulent diffusion terms dominate
but also the contribution of the pressure gradient must
beretained in the inner layer. These considerations lead
us to the following choice for the various scales

A=3U, & =ATU, u =U; (38a)
Uy = [(BAT, +6a)gA]"? = [(BAT,
+6a)gi]'® (38b)
A = A*B[[(BAT, +60)g]* /. (38¢c)
From equation (38a), we can write
ATy = Ady/A = AT, (38d)

where we have used the fact that AT; = AT,,.

In the above choice for length scale A, it is implicit
that Pr = O(1). Fromequations (38)itisclear that U, A,
and ®; are not functions of x, hence equations (37)
simplify to

oP}

0=—-A—L4Pr f"+G, (39a)
Ox

* = H, (39b)

0=0"+¢;. (39¢)

The integration of equation (39¢) together with
equation (38d) gives

qw
placp(pl

O +¢i=— (40)
From the above equation it is clear the scale ®; must be
chosen as

@, =

Pa Cp

Itisalso clear from equation (40) that theinner layerisa

constant flux layer. However, in the outer layer heat

flux must vanish at the outer edge and must be equal to

qd., atits inner edge. It then follows that the scale ®, for

the heat flux in the outer layer is also given by equation
(41), that is

@y

_ 4w
0

= . 42
plucp ( )

The outer layer. For the outer layer, by analogy to the
forced convection case, we assume the similarity
solution to be of the form

u—U T-T,
m = K 2 = \P 4
- F'(n), AT, (m {43a)
—u'v = ufGoln), —v'T =Dodoln) (43b)

BAT +a = (BAT, + 6)Ho(n), Pum = pULPS(n).
430)

The use of equations (43)in equations (1), (9), (8) and (4)
gives

5 dU, . § dU,
- ¥ 4 _FFI/ — F/_ FU
U, dx (F )+Um dx (F'=nF")
§ dU, . dé
—_-.—_F/—___ FII
T, ax C T ax
uy dé é dU,
e Uy L m
U, dx +u0 dx
_2dU, ,, 0Un 0P§
u, dx uy, 0x
s 4G (a4a)
oU,, u U, °
S(BAT, + 6a
py RSN gy )
ds[ & dAT, Ul U, & dug
Lf 0 gy 2wy Tmpge 2 Qo oy,
de:ATO F; <F+u0> w0 U w45
¢ dU, T v o
_F‘P,———‘——‘ \PI =___\*[Il 9 I.
T I ] Proug © uoat; %0
(44¢)

Since by assumption the outer layer is dominated by
mean convection, turbulent diffusion, and buoyancy
terms, equations (44) will have similarity solution
provided the following conditions are satisfied

uo = U, (45a)
dé
Z=C
O 1 (45b)
0 duo _¢ (45¢)
Uy dx o2 ¢
6 dAT,

KT—‘O o C, (45d)
Ur = Ug (456)
uy = Uy, = J(g(BAT,+6a))0  (45f)
q)O = uOATO = qw/plncp (45g)

where in equation (45g), we have substituted for @,
from equation (42). Condition (45b) implies that § ~ x.
In view of equation (45b), equations (45c) and (45d) can
be written as

& duy 5 dAT,
up dé6 AT, dé

d 46)
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where b and d are constants. Equations (46) yield

ug = ad®, AT,= Cs* @7

where @ and ¢ are integration constants. The
combination of equations (45f) and (45g) give
@, @,

ATy=—2=-— "0
®uy  [(BAT,+6a)gs]*"?

_ 9w “
{PC,[(BAT, +60)g6]"2}"

The comparison of equations (47) with equations (45f)
and (48) yields

8)

(49a)

N[ =

1
a = [g(BAT, +6a)]', b= 3 d=-

= BT, +60)g]"

Thus, the choice of scales given by equations (45f), (45g),
and (48) together with the condition (45b) ensures the
existence of similarity solution (43). Equation (44b)
upon integration between the limits n to d together with
use of boundary condition (10b) gives

(49b)

ol
—P§(n) =j Ho(n) dy (50a)
n
and
oPt  2ds 1dé
_% 2% — % px, 50b
o~ 6dx o= P (500)

The use of equations (45), (46), and (49a) in equations
(44a) and (44c) and then taking the limit duy/v — oo,
yields

1do
i [F?42F —3FF" —3nF" + 1+ 4(P¥(n)

—Hom)] = Go(n) (51a)

1ds
— 5 33 [I=F)¥+3n¥ +3F¥] = 6. (51b)

For usein the subsequent analysis, it is also of interest to
obtain the ratios of the inner to outer scales for velocity
and temperature. From equations (38), (41), (45), and

(48), we get
_lﬁ= <é>1/2
Uy 0
AL _ (i)”’
AT, A

ASYMPTOTIC MATCHING

(52a)

(52b)

The adoption of a two-layer model has greatly
simplified the governing equations. However, in spite of
these simplifications of equations (39) for theinner layer
and equations (51) for the outer layer, still these
equations cannot be solved due to lack of closure laws

for turbulent diffusion terms. Because of strong
coupling between momentum and energy equations,
traditional formulations for eddy diffusivities for
momentum and heat transfer based on forced
convection flows cannot be extended to the case of
natural convection flows. An alternative approach is
feasible. Since turbulent boundary layers have all the
characteristics of singula -perturbation problems [ 10—
12], some specific resuits can be obtained by carrying
out asymptotic matching between the inner and the
outer layers. The asymptotic constraints imposed on
the velocity and temperature profiles make ad hoc
assumptions on the relation between the Reynolds
stress and the velocity gradient and between the
turbulent heat diffusion and the temperature gradient
unnecessary.

In the proposed two-layer model, we seek the
solution for the inner layer in the form given by
equation (36a) and for the outer layer in the form given
by equation (43a). However, as shown by Tennekes and
Lumley [10], the existence of a matched layer or a
region of overlap between the inner and the outerlayers
is possible only if the limits £ = y/A — oo and 5§ = y/é
-+ 0 can be taken simultaneously. This, however, is
possible since as Ra; or Grs — «©

d )33
(53)

Consequently, the principle of asymptotic matching
when applied to temperature gradient yields

lim [620] = lim [1¥2¥] = —~.  (54)
g0 n—0 2
The integration of this equation gives the temperature
profiles as

T-T,
A’I}w = x{‘”2+A(Pr) (55a)
T-T7, -1/2
= B. b
AT, KN + (55b)

Requiring now that these profiles themselves match ata
given point in the overlap region, gives us

Tw_Ta 1 A 12
=C '=B(=) —APr. 6
AT, C B(é) A(Pr) (56)

In obtaining the above relations, we have made use of
equation (52b).
From equation (56) it is clear that

C !> —APr) as A/6—0 oras Ra;— o

(57)
which shows that C’is a function of the Prandtl number.
From equations (56), (38d), 38¢c), and (41), we obtain
_ AT, gL ()

" T,-T, (T,—T)K |[(BAT,+6x)gl’/v*]'
(58)

C/
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which yields

Nu=C Pr Y3 Ra'® = C(P")I{a”3 (59)

where C = Pr~ 13 C'. From asymptotic relation (57), it
is clear that C is function of the Prandtl number only.

The only single-phase reliable correlation with
which above correlation can be compared withis due to
Long[9] for thecase of turbulent thermal convection in
horizontal fluid layers. He obtained the following two
correlations depending upon his assumed dependence
of the temperature profile with the distance in the
overlap region

0.04356Ral’? )
[1—1.402(Ra Nu)~ 1/12]#3 for s=1/3

Nu = 0.04786Ra'"? (60a,b)
[1—2.544(Ra Nu)~ 1/8]*3 for s=1/2

where s = 1/3 denotes inverse cube root profile and
s = 1/2inverse square root profile. Long’s latter choice
for temperature profile is the same as we have arrived at
in equation (55). These correlations clearly show that as
Ra — o0, Nuoc Ra'’3, which is in agreement with
expression (59).

The data to be used for determining constant C in
equation (59) is due to Gabor et al. [3]. The Prandtl
number was varied between 2.38 and 3.08. This
variation, however, is not large enough to determine
reliably the dependence of C on Prandtl number.
Consequently, we will assume C to be a constant.
Figure 2 shows data of Gabor et al. plotted as Nu vs Ra.
These data constitute about 76 data points.
Maintaining a slope of one-third on the log-log scale as
predicted by expression (59), we show in Fig. 2 the
following least square fit through this data

Nu = 0.0375Ra'’3. (61)
On the average, the data does appear to show a slope of
one-third and thus signifies a satisfactory agreement of

103

3

Nu=2.2375Ra '’

__ LONG’S CORRELATIONS (1376)

Ra

F1G. 2. Correlation of downward heat transfer coefficient data

of Gabor et al. [3] and comparison with Long’s correlations

[9]. (——-, inverse cube root temperature profile ;—* - —, inverse
square root temperature profile).

the theory with the data. Also shown in this figure are
the two Long’s correlations given by equation (60). The
Rayleigh number used in these correlations is based on
two-phase flow as defined by equation (31d). Over the
range of these Rayleigh numbers there does not appear
to be any significant difference between these two
correlations by Long. The agreement between these
correlations and that given by equation (61) appears to
be within the scatter of data and improves as Rayleigh
number increases. In fact, correlation (60a) differs by
about 149 from the present correlation (61)as Ra — oo
which is well within the scatter of the data used here.

CONCLUSION

A comparison of the turbulent analysis with
experimental data for the heat transfer coefficient from
the horizontal base of the volume heated boiling pools
and with existing empirical correlation by Long [9]
obtained for temperature driven thermal convection in
horizontal layers confirms the validity of the proposed
heat transfer model, that is, heat transfer to the base of
the boiling pool takes place through a single-phase
turbulent boundary layer driven along the base by the
buoyancy forces of the two-phase void distribution in
the bulk of the pool. The analysis for the laminar case
shows that the combined (or opposing) two-phase and
temperature driven natural convection along the base
of pool is characterized by Grashof number,
Gr = (BAT, +6x)g3/v?. With this definition of Gr,
both for laminar and turbulent flows, the analysis
shows that an equivalence exists between the heat
transfer laws for the combined two-phase and thermal
expansion driven natural convection and the laws for
temperature driven natural convection alone.
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TRANSFERT THERMIQUE PAR EBULLITION DANS DES RESERVOIRS

Résumé—On propose un modéle pour le transfert thermique a partir de la base horizontale d’un volume
chauffé par ébullition en réservoir. A cause de la différence de densité entre la masse fluide et le fluide proche de
la base, le fluide diphasique plus léger cause le mouvement de la masse dans la direction ascendante et
provoque un gradient négatif de pression le long de la base du réservoir. Cette pression négative provoque le
retour du liquide monophasique froid dans la couche limite de la base. L’analyse pour le cas laminaire fournit
la définition d’'un nombre de Grashof équivalent pour la convection naturelle le long de la base plane. La
couche limite turbulente est analysée en supposant un modeéle a deux couches dans lequel la couche interne est
caractérisée par des termes visqueux et de conduction et la couche externe par des termes de convection
moyenne. L'analyse de similitude des équations fournit des profils universels de température et de vitesse et les
lois pour les deux couches. Une atteinte asymptotique du profil de température dansla région de recouvrement
conduit 4 une loi de transfert thermique qui représente bien les données expérimentales disponibles sur
Pébullition en réservoir.

ABWARTS GERICHTETER WARMETRAI:ISPORT IN WARMEERZEUGENDEN
SIEDEBEHALTERN

Zusammenfassung—Es wird ein Modell fiir den Wirmeiibergeng an der horizontalen Bodenplatte eines
volumenbeheizten Siedebehilters vorgeschlagen. Aufgrund der Dichteunterschiede zwischen dem Kernfluid
und dem bodennahen Fluid, die durch das ‘Volumensieden’ hervorgerufen werden, verursacht das leichtere
zweiphasige Fluid aufwértsgerichtete Stromungen des Kernfluids sowie einen negativen Druckgradienten
langs des Behilterbodens. Dieser negative Druckgradient bewirkt ein Nachstromen unterkiihlter einphasiger
Fliissigkeit in die Grenzschicht der Bodenplatte. Die Untersuchung des laminaren Falls erbrachte die
Definition einer dquivalenten Grashof-Zahl fiir die gleichsinnig (oder gegensinnig) gerichtete natiirliche
Konvektion entlang der Bodenplatte aufgrund der Temperaturunterschiede und der zweiphasigen Strémung.
Die turbulente Grenzschicht wurde mit Hilfe der Annahme eines Zweischichtenmodelis untersucht, bei dem
die innere Schicht durch Viskositéts- und Wérmeleitungsterme charakterisiert ist und die duBere Schicht
durch mittlere Konvektionsterme. Die Ahnlichkeitsbetrachtungen der maBgeblichen Gleichungen liefern
universelle Temperatur- und Geschwindigkeitsprofile sowie die MaBstabsfaktoren der inneren und dufleren
Schicht. Ein asymptotisches Anpassen der Temperaturprofile in der Uberschneidungszone fiihrt zu einer
Wirmeiibergangsbeziehung, welche die verfiigbaren experimentellen Daten volumenbeheizter Siedebehalter
zufriedenstellend korreliert.

TEIMJIONEPEHOC B TEIMJIOBBLAEASAIOMMUX BOJIbBIINX OBBEMAX
KHUAKOCTHU INMPH KHUITEHUH

Aunotaums—Ipe/UioXeHa MOJENb TEILIONEPEHOCAa OT TOPH3OHTAIbHOTO OCHOBAHHS GobLIOro 00beMa
HarpeBaeMoii xuakocTH. M3-3a BBI3BAHHOH KMIEHHEM Pa3HOCTH IUIOTHOCTEH MEXY OCHOBHOH Maccoi
KHUIOKOCTH M €e 4acThio y OCHOBaHMA Oonee jerkas AByx¢a3Has KHIKOCTL NPHUBOIAMT B BHXCHHE
OCHOBHYIO MACCy XMOKOCTH 10 HANPABJIEHHIO BBEPX. B pe3y/bTaTe YEro BOIHHKZET OTPHLATE/IbHbIA
rpagueHt JaBleHHs BAOJb HHXHEH MOBEPXHOCTH KOHTeiHepa. B cBolo ovepeab 3TO NPHUBOIMT B
JABHXEHHE MAcCy NepeoxJiaXaeHHOH oaHO}a3HONH XHMIAKOCTH B MOTPAHHYHOM CJIO€ BAOJbL OCHOBaHMS
KOHTEHHepa. AHaJIN3 JAMHHAPHOrO Cllydas MO3BOJIET O ONpEACIHTE KBHBaEHTHOe Yucno ['pacroda
N1 CMELIAHHOMN KOHBEKILMH s ABYX(a3HbIX notokos. TypOyneHTHBIH NMOrpaHHYHBIA CIOH aHanH-
3MpYyeTCs B MPEANONOXKEHHH OBYXC/IOHHON MOOENH, B KOTOPOH BHYTDEHHHMil CIOH XapakTepu3yeTcs
BA3KAMH M KOHJYKTHBHBIMH ‘JIEHAMH, a BHELIHHH C/IOH ~ CPEOHHMH KOHBCKTHBHBIMM YJIEHAMH.
AHaJIN3 OCHOBHLIX YPAaBHEHHH C NOMOIUBK) TEOPHH NOAOOHS MO3BOJSAET NOJYYHTH YHHBEPCAJbHBIE
ApoQHAM TeMnepaTypsl H CKOPOCTH H KPHTEPHH NOAOOMS [1S BHYTPEHHMX M BHEIUHHX CJIOCB.
C NoMOUIBLIO ACHMIITOTHYECKOIO CPAaLMBAHHS TEeMIepaTypHOro npodmuas B o6JacTH NEpeKpLITHA
NOJ1y4eH 3aKOH TEIIONEepeHoca, KOTOPBIHi YIOBIETBOPHTENLHO 060O0IIAET HMEIOWIMECH IKCHEPHMEH-
TaJlbHBIE NAHHBIE MO KHNEHHIO B OOJBLLUIOM 00BEME XKHAKOCTH.



